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Abstract
Conformal gravity theories are defined by field equations that determine only the
conformal structure of the spacetime manifold. The Bach equations represent an early
example of such a theory, we present them here in component form in terms of spin-
and boost-weighted spin-coefficients using the compacted spin-coefficient formalism.
These equations can be used as an efficient alternative to the standard tensor form.
As a simple application we solve the Bach equations for pp-wave and static spherically
symmetric spacetimes.
1 Introduction
In the hope to describe more varied phenomena, the theory of General Relativity has been
generalised in many different ways, to name just a few, connections with torsion were consid-
ered, scalar-tensor theories were explored and higher-order curvature terms in the Lagrangian
were included, see [1,2] respectively for a modern review of extensions of General Relativity
and a historical overview of fourth-order derivative gravity. An example of the last was
proposed by Bach [3] in 1921 where he introduced a set of field equations now called the
Bach equations, which can be derived from an action formed from the square of the Weyl
tensor. Due to the conformal invariance of the action, the Bach equations are also confor-
mally invariant, hence Bach’s theory is an early example of a conformal gravity theory. More
recently, several authors have found exact solutions to the Bach equations under particular
conditions, for examples see [4–6].
The field equations can be solved using various different mathematical formalisms, e.g. the
original coordinate approach to tensor calculus, its tetrad based formalism, Cartan’s calculus
of differential forms and the spinor calculus. In particular, we wish to highlight the com-
pacted spin-coefficient formalism. It was first developed by Newman and Penrose [7] and
later streamlined by Geroch, Held and Penrose (GHP), hence the compacted spin-coefficient
formalism is also referred to as the GHP formalism [8]. Although each formalism makes
the same physical predictions, they differ in the ease of their calculations, in particular the
spin-coefficient formalism has led to many exact solutions of the Einstein field equations
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(EFE) which would have been otherwise difficult to find [9].
In the present paper, we apply the spin-coefficient formalism to the Bach equations. Among
the most important differences between the Bach equations and the EFE are that they are
fourth-order differential equations in the metric as opposed to the second-order EFE, and
they are conformally invariant, a consequence of this invariance is that the conformal scale
factor is left undetermined by them. The theory is, however, different to Weyl’s [10] confor-
mal theory in that the spacetime geometry remains Riemannian and therefore the covariant
derivative of the metric is zero (metric-compatibility).
An attractive feature of Bach’s theory from a physical standpoint is that every spacetime
locally conformal to an Einstein space (vanishing of traceless Ricci tensor) is a solution of
the Bach equations. Therefore, the physically relevant Schwarzschild, Kerr, gravitational
wave and most Friedmann-Lemaitre-Robertson-Walker cosmological spacetimes are also so-
lutions of the Bach equations. Indeed, Einstein spaces are solutions to the most general
action formed from quadratic invariants of the curvature tensors [11]. For further details on
the advantages of including higher-order curvature terms in the action, e.g. their stabilizing
effects on the divergence structure of gravity, see [12–14]. Having given some arguments that
lend support to the Bach equations as a physical theory, we note that the emphasis of the
present paper is solely on the efficiency of the spin-coefficient formalism in solving the Bach
equations.
The main new achievement of this paper is the translation of the Bach equations into com-
pacted spin-coefficient form. We suggest that this formulation may be used as an efficient
alternative to tensor methods for solving the Bach equations. Arguments in support of this
suggestion are the following. Firstly, the spin-coefficient formalism deals entirely with scalar
quantities, which are easily manipulated and may take the form of explicit functions. Fur-
thermore, because the spin-coefficients are complex they can be represented by 12 quantities,
instead of the 24 required in a orthonormal tetrad formalism, or the 40 Christoffel symbols
used in coordinate based approaches, therefore fewer terms arise in the calculation. The pre-
vious points, however, are true for any set of tensor or spinor field equations. The property
of the Bach equations that should make the GHP formalism particularly well suited to solv-
ing them is their conformal invariance. Indeed, it has been shown that the GHP formalism
incorporates conformal transformations in a straightforward way [15]. Another advantage of
the GHP formalism is that it allows one to solve directly for the curvature components, thus
the Bach equations, considered as fourth-order equations in the metric components, become
second-order in the curvature components, which may be easier to solve. In support of the
idea that the GHP formalism may be particularly well suited to solving the Bach equations,
we give two straightforward applications of the formalism by solving the Bach equations for
a plane-fronted wave spacetime [4,16,17], and a static spherically symmetric spacetime [4,5],
where in both examples the general solution for the curvature spinors are obtained in explicit
form.
The outline of the present paper is as follows, in section 2 we introduce the Bach equations
in both tensor and spinor form. In section 3 we introduce the spin-coefficient formalism.
Section 4 provides the main result of the paper, which is the translation of the Bach equa-
tions into the GHP formalism. In section 5 we apply the formalism to two simple examples,
then in section 6 we summarise our results. In the appendices A to E our notation is defined
and some useful formulae are provided, for example the prime and asterisk operations, the
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Newman-Penrose equations, the spinor form of the Bianchi identity and the spin-coefficients
in terms of the curls of the null tetrad.
2 The Bach equations
The tensor form of the Bach equations can be derived from the following action
S “
ż
CabcdC
abcd?gd4x, (2.1)
where Cabcd is the Weyl tensor, which is the trace-free part of the Riemann tensor. They are
defined by the vanishing of the Bach tensor, given as follows [18]
Bab “ p∇c∇d ´ 12RcdqCacbd, (2.2)
where ∇a is the covariant derivative and Rcd is the Ricci tensor, see appendix A for further
details. The Bach tensor satisfies the following relations
Bab “ Bba, gabBab “ 0, ∇aBab “ 0, Bab “ B¯ab. (2.3)
such that it is symmetric, traceless, divergence-free and real. In the last relation we have used
an over-bar to denote the complex conjugate of a tensor. Furthermore, under the conformal
rescaling
gab ÞÑ gˆab “ Ω2gab, (2.4)
we have
Bˆab “ Ω´2Bab, (2.5)
such that it is conformally weighted with conformal weight -2 [19]. Due to (2.5), the vanishing
of the Bach tensor is a conformally invariant equation, hence the Bach equations are also
conformally invariant. The Bach spinor is defined as follows1 [18]
BABA1B1 “ 2p∇CA1∇DB1 ` ΦCDA1B1qΨABCD, (2.6)
where ΨABCD “ ΨpABCDq is the (complex) Weyl spinor and ΦABC1D1 “ ΦpABqpC1D1q “ Φ¯ABC1D1
is the (real, traceless) Ricci spinor. We have also denoted the complex conjugation of a spinor
with an over-bar, see (A.14). The Bach spinor has the same symmetries as the Ricci spinor
BABA1B1 “ BpABqpA1B1q, B¯ABC1D1 “ BABC1D1. (2.7)
3 Spin-coefficient formalism
In this section, in order to translate (2.6) into the spin-coefficient formalism, we introduce
a few useful relations. When using a non-coordinate basis in the tensor calculus, one intro-
duces a tetrad, which is a set of four linearly independent real vector-fields, see (A.9). The
1The ordering of unprimed in relation to primed indices is inconsequential, therefore, it is not necessary
to stagger up and down indices of different types.
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analogous object for the spinor calculus is a dyad, which is a pair of linearly independent
complex vector-fields, see (A.21). In terms of the dyad, twelve complex spin-coefficients are
defined in the following way
κ “ oADoA, γ1 “ ´ιADoA, τ 1 “ ´ιADιA,
ρ “ oAδ1oA, β 1 “ ´ιAδ1oA, σ1 “ ´ιAδ1ιA,
σ “ oAδoA, β “ ιAδoA, ρ1 “ ´ιAδιA,
τ “ oAD1oA, γ “ ιAD1oA, κ1 “ ´ιAD1ιA,
(3.1)
where the intrinsic derivatives are the components of the vector covariant derivative in the
spinor basis, see (A.22)
D “ oAoA1∇AA1,
δ “ oAιA1∇AA1,
δ1 “ ιAoA1∇AA1,
D1 “ ιAιA1∇AA1.
(3.2)
The complex conjugate relations of (3.1) and (3.2) follow by replacing the dyad by its complex
conjugate and the fact that the covariant derivative is real. The significance of the primed
symbols is that under a discrete transformation called the prime operation, see (B.1), primed
symbols become unprimed and vice versa, thus an economy of notation is achieved. Let us
also define the following standard shorthand, ξr,t, for the components of a symmetric spinor
ξpA...D...qpG1...K 1q [9, 15]
ξr,t “ ξA...D...G1...K 1 oA..ljhn
r1
lD..ljhn
r
oG
1
..ljhn
t1
lK
1
..ljhn
t
. (3.3)
A particular example of (3.3) for the Weyl, Ricci and Bach spinors would be
Ψ2 “ ΨABCD oAoBιCιD, Φ11 “ ΦABA1B1 oAιBoA1ιB1 , B21 “ BABA1B1 ιAιBoA1ιB1 . (3.4)
Moreover, the Ricci and Bach spinors are real, therefore, we have the following conjugate
transpose relations between the components
Φrt “ Φ¯tr, Brt “ B¯tr. (3.5)
In the spin-coefficient formalism the components of the Weyl and Ricci spinors are related
to the intrinsic derivatives of the spin-coefficients via the so called Newman-Penrose equa-
tions [15]. These relations are given in appendix C in compacted form according to the GHP
formalism, which we turn to now.
3.1 GHP formalism
The GHP formalism is a calculus based on a pair of null directions. It was introduced for
situations where two null vectors are physically distinguished by the problem under consid-
eration, but a complete basis is not [8]. More relevant to our purposes, is that the compacted
expressions are, in the majority of cases, considerably simpler than their counterparts in the
original scheme. This alone justifies our use of the GHP formalism, therefore, the equations
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may be legitimately regarded as shorthand expressions for full spin-coefficient formulae.
The most general change of spin-frame which leaves two null directions invariant is
oA ÞÑ λoA, ιA ÞÑ λ´1ιA, (3.6)
where λ is an arbitrary (nowhere vanishing) complex scalar field. From (3.6) it follows that
oA ÞÑ λoA, ιA ÞÑ λ´1ιA, (3.7)
and that
oA
1 ÞÑ λ¯oA1, ιA1 ÞÑ λ¯´1ιA1 , oA1 ÞÑ λ¯oA1, ιA1 ÞÑ λ¯´1ιA1 . (3.8)
The formalism deals with scalars η associated with a spin-frame or null tetrad where the
scalars transform in the following way
η ÞÑ λpλ¯qη, (3.9)
whenever the dyad transforms as in (3.6). A scalar transforming according to (3.9) is called
a weighted scalar of type pp, qq. We have the following weighted scalars
Ψr p4´ 2r, 0q,
Φrt p2´ 2r, 2´ 2tq,
Λ p0, 0q,
ρ p1, 1q,
τ p1,´1q,
κ p3, 1q,
σ p3,´1q,
(3.10)
where R “ 24Λ is the Ricci scalar, see (A.6). The remaining weighted scalars are obtained
by priming, conjugating or performing both on (3.10), where the prime of a pp, qq scalar is of
type p´p,´qq and the complex conjugate of a pp, qq scalar is of type pq, pq. As an example,
let us see how σ transforms,
σ “ oAδoA “ oAoBιB1∇BB1oA
Ñ λoAλoBλ¯´1ιB1∇BB1pλoAq
“ λ2λ¯´1oAoAoBιB1∇BB1λ` λ3λ¯´1oAoBιB1∇BB1oA
“ λ3λ¯´1σ, (3.11)
where the first term of the second to last line is zero due to (A.22).
The spin coefficients of the middle column of (3.1) are not weighted, nor are the intrinsic
derivatives (3.2). They are therefore combined to give the following weighted derivative
operators when acting on a pp, qq scalar [8],2
Q “ D ` pγ1 ` qγ¯1 p1, 1q,
Q1 “ D1 ´ pγ ´ qγ¯ p´1,´1q,
k “ δ ´ pβ ` qβ¯ 1 p1,´1q,
k
1 “ δ1 ` pβ 1 ´ qβ¯ p´1, 1q.
(3.12)
2The symbol Q is pronounced ‘thorn’ and k is pronounced ‘eth’.
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The differential operators (3.12) are of weight pp, qq in the sense that acting on a scalar of
type pu, vq produces a scalar of type pu`p, v` qq. In terms of (3.12), the following relations
follow from (3.1)
QoA “ ´κlA, QlA “ ´τ 1oA,
k
1oA “ ´ρlA, k1lA “ ´σ1oA,
koA “ ´σlA, klA “ ´ρ1oA,
Q1oA “ ´τlA, Q1lA “ ´κ1oA.
(3.13)
Let ξA...D...G1...K 1 be a symmetric spinor with components defined by (3.3). Making use of
(3.13) and their complex conjugate relations, the corresponding components of the intrinsic
derivatives of ξA...D...G1...K 1 may be derived
poA . . . lD . . . oG1 . . . lK 1 . . .qDξA...D...G1...K 1 “Qξr,t ` r1κξr`1,t ` rτ 1ξr´1,t
` t1κ¯ξr,t`1 ` tτ¯ 1ξr,t´1,
poA . . . lD . . . oG1 . . . lK 1 . . .qδξA...D...G1...K 1 “kξr,t ` r1σξr`1,t ` rρ1ξr´1,t
` t1ρ¯ξr,t`1 ` tσ¯1ξr,t´1,
poA . . . lD . . . oG1 . . . lK 1 . . .qδ1ξA...D...G1...K 1 “k1ξr,t ` r1ρξr`1,t ` rσ1ξr´1,t
` t1σ¯ξr,t`1 ` tρ¯1ξr,t´1,
poA . . . lD . . . oG1 . . . lK 1 . . .qD1ξA...D...G1...K 1 “Q1ξr,t ` r1τξr`1,t ` rκ1ξr´1,t
` t1τ¯ ξr,t`1 ` tκ¯1ξr,t´1.
(3.14)
Equations (3.14) are the key equations which provide an efficient way of translating differ-
ential spinor equations into the GHP formalism. All the formulae hitherto are known and
can be found in the literature, e.g. see [15].
4 Bach equations in terms of spin-coefficients
With the help of (3.14) the translation of (2.6) into spin-coefficient form is straightforward.
According to (A.23) and its complex conjugate relation we first take components of (2.6) as
follows
1
2
BABA1B1 “ ´ε¯B1B1εAAεBBεCC∇CA1∇DB1ΨABCD ´ ΦCDA1B1ΨABCD, (4.1)
where bold font captial indices refer to a spinor basis, see appendix A. Writing out the
summation terms in the second term is straightforward. For the first term, we write out
the summation terms which include the components of the outer covariant derivative ∇C
A
1
acting on the spinor ∇DB1ΨABCD. We find terms of the form of the left hand side of (3.14)
with ∇DB1ΨABCD playing the role of ξA...D...G1...K 1. Because it is symmetric, we may substitute
the right hand side of (3.14) with the corresponding values of r, r1, t, t1. We then repeat
this procedure for the inner covariant derivative, where now the spinor ΨABCD plays the
role of ξA...D...G1...K 1. By this two-step procedure we obtain an expression solely in terms of
the derivative operators and spin-coefficients of the GHP formalism. The Bach tensor in
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spin-coefficient form is then given as follows,3
1
2
B00 “ pQ´ 3ρqrpk1 ´ 2τ 1qΨ1 ´ pQ´ 3ρqΨ2 ` σ1Ψ0 ´ 2κΨ3s (4.2a)
` pk1 ´ τ 1qrpQ´ 4ρqΨ1 ´ pk1 ´ τ 1qΨ0 ` 3κΨ2s
` 2κrpk1 ´ 3τ 1qΨ2 ´ pQ ´ 2ρqΨ3 ` 2σ1Ψ1 ´ κΨ4s
` κ¯rpQ1 ´ 2ρ1qΨ1 ´ pk´ 3τqΨ2 ` κ1Ψ0 ´ 2σΨ3s
` σ¯rpk´ 4τqΨ1 ´ pQ1 ´ ρ1qΨ0 ` 3σΨ2s ´ Φ20Ψ0 ` 2Φ10Ψ1 ´ Φ00Ψ2,
1
2
B02 “ pk´ 3τqrpQ1 ´ 2ρ1qΨ1 ´ pk´ 3τqΨ2 ` κ1Ψ0 ´ 2σΨ3s (4.2b)
` pQ1 ´ ρ1qrpk´ 4τqΨ1 ´ pQ1 ´ ρ1qΨ0 ` 3σΨ2s
` 2σrpQ1 ´ 3ρ1qΨ2 ´ pk´ 2τqΨ3 ` 2κ1Ψ1 ´ σΨ4s
` σ¯1rpk1 ´ 2τ 1qΨ1 ´ pQ´ 3ρqΨ2 ` σ1Ψ0 ´ 2κΨ3s
` κ¯1rpQ´ 4ρqΨ1 ´ pk1 ´ τ 1qΨ0 ` 3κΨ2s ´ Φ22Ψ0 ` 2Φ12Ψ1 ´ Φ02Ψ2,
1
2
B20 “ pk1 ´ 3τ 1qrpQ´ 2ρqΨ3 ´ pk1 ´ 3τ 1qΨ2 ` κΨ4 ´ 2σ1Ψ1s (4.2c)
` pQ´ ρqrpk1 ´ 4τ 1qΨ3 ´ pQ´ ρqΨ4 ` 3σ1Ψ2s
` 2σ1rpQ´ 3ρqΨ2 ´ pk1 ´ 2τ 1qΨ1 ` 2κΨ3 ´ σ1Ψ0s
` σ¯rpk´ 2τqΨ3 ´ pQ1 ´ 3ρ1qΨ2 ` σΨ4 ´ 2κ1Ψ1s
` κ¯rpQ1 ´ 4ρ1qΨ3 ´ pk´ τqΨ4 ` 3κ1Ψ2s ´ Φ00Ψ4 ` 2Φ10Ψ3 ´ Φ20Ψ2,
1
2
B22 “ pQ1 ´ 3ρ1qrpk´ 2τqΨ3 ´ pQ1 ´ 3ρ1qΨ2 ` σΨ4 ´ 2κ1Ψ1s (4.2d)
` pk´ τqrpQ1 ´ 4ρ1qΨ3 ´ pk´ τqΨ4 ` 3κ1Ψ2s
` 2κ1rpk´ 3τqΨ2 ´ pQ1 ´ 2ρ1qΨ1 ` 2σΨ3 ´ κ1Ψ0s
` κ¯1rpQ´ 2ρqΨ3 ´ pk1 ´ 3τ 1qΨ2 ` κΨ4 ´ 2σ1Ψ1s
` σ¯1rpk1 ´ 4τ 1qΨ3 ´ pQ´ ρqΨ4 ` 3σ1Ψ2s ´ Φ02Ψ4 ` 2Φ12Ψ3 ´ Φ22Ψ2,
1
2
B01 “ pQ´ 3ρqrpQ1 ´ 2ρ1qΨ1 ´ pk´ 3τqΨ2 ` κ1Ψ0 ´ 2σΨ3s (4.3a)
` pk1 ´ τ 1qrpk´ 4τqΨ1 ´ pQ1 ´ ρ1qΨ0 ` 3σΨ2s
` 2κrpQ1 ´ 3ρ1qΨ2 ´ pk´ 2τqΨ3 ` 2κ1Ψ1 ´ σΨ4s
` τ¯ 1rpk1 ´ 2τ 1qΨ1 ´ pQ´ 3ρqΨ2 ` σ1Ψ0 ´ 2κΨ3s
` ρ¯1rpQ´ 4ρqΨ1 ´ pk1 ´ τ 1qΨ0 ` 3κΨ2s ´ Φ21Ψ0 ` 2Φ11Ψ1 ´ Φ01Ψ2,
1
2
B21 “ pQ1 ´ 3ρ1qrpQ´ 2ρqΨ3 ´ pk1 ´ 3τ 1qΨ2 ` κΨ4 ´ 2σ1Ψ1s (4.3b)
` pk´ τqrpk1 ´ 4τ 1qΨ3 ´ pQ ´ ρqΨ4 ` 3σ1Ψ2s
` 2κ1rpQ´ 3ρqΨ2 ´ pk1 ´ 2τ 1qΨ1 ` 2κΨ3 ´ σ1Ψ0s
` τ¯ rpk´ 2τqΨ3 ´ pQ1 ´ 3ρ1qΨ2 ` σΨ4 ´ 2κ1Ψ1s
` ρ¯rpQ1 ´ 4ρ1qΨ3 ´ pk´ τqΨ4 ` 3κ1Ψ2s ´ Φ01Ψ4 ` 2Φ11Ψ3 ´ Φ21Ψ2,
3We adhere to the convention that a differential operator acts only on the symbol (or bracketed expression)
which immediately follows it-unless this is also a differential operator.
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B10 “ pQ ´ 2ρqrpk1 ´ 3τ 1qΨ2 ´ pQ´ 2ρqΨ3 ` 2σ1Ψ1 ´ κΨ4s (4.4a)
` pk1 ´ 2τ 1qrpQ´ 3ρqΨ2 ´ pk1 ´ 2τ 1qΨ1 ´ σ1Ψ0 ` 2κΨ3s
` κrpk1 ´ 4τ 1qΨ3 ´ pQ´ ρqΨ4 ` 3σ1Ψ2s
` κ¯rpQ1 ´ 3ρ1qΨ2 ´ pk´ 2τqΨ3 ` 2κ1Ψ1 ´ σΨ4s
` σ¯rpk´ 3τqΨ2 ´ pQ1 ´ 2ρ1qΨ1 ´ κ1Ψ0 ` 2σΨ3s ´ Φ20Ψ1 ` 2Φ10Ψ2 ´ Φ00Ψ3,
1
2
B12 “ pQ1 ´ 2ρ1qrpk´ 3τqΨ2 ´ pQ1 ´ 2ρ1qΨ1 ` 2σΨ3 ´ κ1Ψ0s (4.4b)
` pk´ 2τqrpQ1 ´ 3ρ1qΨ2 ´ pk´ 2τqΨ3 ´ σΨ4 ` 2κ1Ψ1s
` κ1rpk´ 4τqΨ1 ´ pQ1 ´ ρ1qΨ0 ` 3σΨ2s
` κ¯1rpQ´ 3ρqΨ2 ´ pk1 ´ 2τ 1qΨ1 ` 2κΨ3 ´ σ1Ψ0s
` σ¯1rpk1 ´ 3τ 1qΨ2 ´ pQ´ 2ρqΨ3 ` 2σ1Ψ1 ´ κΨ4s ´ Φ02Ψ3 ` 2Φ12Ψ2 ´ Φ22Ψ1,
1
2
B11 “ pQ´ 2ρqrpQ1 ´ 3ρ1qΨ2 ´ pk´ 2τqΨ3 ` 2κ1Ψ1 ´ σΨ4s (4.5)
` pk1 ´ 2τ 1qrpk´ 3τqΨ2 ´ pQ1 ´ 2ρ1qΨ1 ´ κ1Ψ0 ` 2σΨ3s
` κrpQ1 ´ 4ρ1qΨ3 ´ pk´ τqΨ4 ` 3κ1Ψ2s
` σ1rpk´ 4τqΨ1 ´ pQ1 ´ ρ1qΨ0 ` 3σΨ2s
` ρ¯1rpQ´ 3ρqΨ2 ´ pk1 ´ 2τ 1qΨ1 ` 2κΨ3 ´ σ1Ψ0s ´ Φ21Ψ1 ` 2Φ11Ψ2 ´ Φ01Ψ3.
Setting equations (4.2), (4.3), (4.4) and (4.5) to zero gives the Bach equations in spin-
coefficient form. In addition to the prime operation there exists another discrete transfor-
mation effected by the asterisk operator (*). The Bach equations in the GHP formalism are
interchanged by the prime and asterisk operations respectively in the following way,
Brs ÞÑ Btu 0Ø 2 1Ø 1, (4.6)
B01 Ø ´B01,
B21 Ø ´B21,
B10 Ø B12,
B00 Ø B02,
B22 Ø B20,
B11 Ø ´B11.
(4.7)
Therefore, the Bach equations split into the four groups (4.2), (4.3), (4.4) and (4.5) which
under the combined action of (4.6) and (4.7) transform only amongst themselves, see ap-
pendix B for the general definition of these transformations.
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5 Applications of the Bach equations in spin-coefficient
form
5.1 PP-wave spacetime
As a straightforward example we solve the Bach equations for a metric corresponding to
a pp-wave spacetime,4 which may be represented in a coordinate chart pu, v, z, z¯q by the
following fundamental form
gabdx
adxb “ 2Hdu2 ` pdu dv ` dv duq ´ pdz dz¯ ` dz¯ dzq, (5.1)
where H “ Hpu, z, z¯q. By substituting the components of the metric from (5.1) into the
component form of (A.10) and solving for em
a, we find the following¨
˚˝˚ lana
ma
m¯a
˛
‹‹‚“
¨
˚˝˚0 1 0 01 ´H 0 0
0 0 1 0
0 0 0 1
˛
‹‹‚, (5.2)
where a normalisation choice was made. Lowering the coordinate basis index gives¨
˚˝˚ lana
ma
m¯a
˛
‹‹‚“
¨
˚˝˚ 1 0 0 0H 1 0 0
0 0 0 ´1
0 0 ´1 0
˛
‹‹‚. (5.3)
Substituting (5.2) and (5.3) into (E.7) we find the following non-zero spin-coefficient for a
pp-wave spacetime
κ1 “ ´H,z¯, (5.4)
where the comma stands for the partial derivative, all other spin-coefficients are zero. Sub-
stituting (5.4) into (C.2), we find the following non-zero curvature spinor components
Ψ4 “ ´δ1κ1 “ H,z¯z¯, (5.5)
Φ22 “ ´δκ1 “ H,z¯z, (5.6)
all other curvature spinor components are zero. From (5.4), (5.5) and (5.6) we find that all
the Bach equations are trivially satisfied except for (4.2d) which gives
k
2Ψ4 “ δ2Ψ4 “ Ψ4,zz “ 0. (5.7)
The general solution to (5.7) is
Ψ4pu, z, z¯q “ zψ1pu, z¯q ` ψ2pu, z¯q, (5.8)
4A plane-fronted gravitational wave with parallel rays spacetime, abbreviated as a pp-wave spacetime,
was defined in [16] to be any Lorentzian manifold which admits a covariantly constant null vector field.
Furthermore, the authors showed that a metric for such a spacetime can always be written in the form (5.1),
which was investigated earlier, see [20].
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where ψ1pu, z¯q and ψ2pu, z¯q are arbitrary complex functions. From (5.5) and (5.6) we find
Ψ4,z “ Φ22,z¯, (5.9)
which is the only non-trivial Bianchi identity remaining for a pp-wave spacetime, cf. (D.7).
Substituting (5.8) into (5.9) we find the general solution for the Ricci spinor
Φ22pu, z, z¯q “ φpu, zq ` φ¯pu, z¯q, (5.10)
where
φ¯,z¯ “ ψ1. (5.11)
Equations (5.8) and (5.10) are the general solutions to a special case of the examples consid-
ered in [4, 17]. The function H can be obtained implicitly by integrating twice either (5.8)
or (5.10) according to (5.5) or (5.6) respectively.
For pp-waves, the physical interpretation of the curvature components Ψ4 and Φ22 is the
following. The modulus and argument of Ψ4 correspond respectively to the amplitude and
polarization of the gravitational plane wave, and in Einstein-Maxwell theory the square
root of Φ22 corresponds to the electromagnetic part of the wave. The polarization of the
electromagnetic part, whilst still an arbitrary function of u, does not contribute to the cur-
vature [21]. A particularly simple type of pp-wave is a plane wave. In this case the function
H depends on z and z¯ in the following way [9, 21]
Hpu, z, z¯q “ Apuqz2 ` A¯puqz¯2 `Bpuqzz¯, (5.12)
where A is complex and B is real. Substituting (5.12) into (5.5) and (5.6) we find
Ψ4 “ A, (5.13)
Φ22 “ B. (5.14)
In this case (5.7) is trivially satisfied since Ψ4 depends only on u. A different particular case
is an Einstein space, defined by the equation Φab “ 0, corresponding to a pure gravitational
wave. From (5.10) and (5.11) we have φ “ 0 and ψ1 “ 0. Therefore, from (5.8) the
gravitational wave has amplitude and polarization equal to the modulus and argument of ψ2
respectively.
5.2 Static spherically symmetric spacetime
For our second example we consider a static spherically symmetric spacetime, i.e. the condi-
tions under which the Schwarzschild solution is the unique solution of the EFE. The solution
to the Bach equations under these conditions was found in [5], where the authors show that
a static spherically symmetric spacetime may be represented in a coordinate chart pt, r, θ, φq
by the following fundamental form
gabdx
adxb “ p
2
r2
`
A2dt2 ´ A´2dr2 ´ r2dθ2 ´ r2 sin2 θ dφ2˘ , (5.15)
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where p “ pprq and A “ Aprq. Since the Bach equations (2.6) are conformally invariant we
may make the following conformal rescaling
gab ÞÑ gˆab “ r
2
p2
gab, (5.16)
such that our metric is transformed to
gˆabdx
adxb “ A2dt2 ´ A´2dr2 ´ r2dθ2 ´ r2 sin2 θ dφ2. (5.17)
All quantities (e.g. spin-coefficients and spinor components) will now refer to the conformally
rescaled metric (5.17), however, we omit the hats on these quantities. Substituting the
components of (5.17) into the component form of (A.10) we find¨
˚˝˚ lana
ma
m¯a
˛
‹‹‚“ 1?2
¨
˚˝˚A´1 ´A 0 0A´1 A 0 0
0 0 ´r´1 ´ir´1cosecθ
0 0 ´r´1 ir´1cosecθ
˛
‹‹‚. (5.18)
Lowering the coordinate basis index gives¨
˚˝˚ lana
ma
m¯a
˛
‹‹‚“ 1?2
¨
˚˝˚A A´1 0 0A ´A´1 0 0
0 0 r ir sin θ
0 0 r ´ir sin θ
˛
‹‹‚. (5.19)
Substituting (5.18) and (5.19) into (E.7) we calculate the following spin-coefficients, cf. [22],
ρ “ ´ρ1 “ A?
2r
, (5.20a)
γ “ ´γ1 “ ´
9A
2
?
2
, (5.20b)
β “ ´β 1 “ ´ cot θ
2
?
2r
, (5.20c)
where we have denoted differentiation with respect to the radial coordinate r, not the time,
with an over-dot because the prime is already in use. All other spin-coefficients are zero.
Substituting (5.20) into (C.2) and (C.4) we find that the Newman-Penrose equations and
commutator expressions reduce to the following
´2rρ 9γ “ ´4γ2 `Ψ2 ` Φ11 ´ Λ, (5.21a)
4γρ “ Ψ2 ` 2Λ, (5.21b)
1
2r2
“ ρ2 ´Ψ2 ` Φ11 ` Λ, (5.21c)
where Ψ¯2 “ Ψ2 and all other curvature spinor components are zero. From (5.20) and (5.21)
we find that all the Bach equations are trivially satisfied except for (4.2a) and (4.5). The
former is given by
pQ´ 3ρq rpQ´ 3ρqΨ2s “ 0. (5.22)
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From (3.12), (5.19), (5.20) and (C.2), we find that (5.22) reduces to
ρ2
”
r2 :Ψ2 ` 6pr 9Ψ2 `Ψ2q
ı
“ 0. (5.23)
If ρ “ 0 then from (5.20a) and (5.15) we see that this solution trivially corresponds to a
singular metric tensor. Therefore, we must have
r2 :Ψ2 ` 6pr 9Ψ2 `Ψ2q “ 0, (5.24)
from which we obtain the general solution
Ψ2prq “ c1
r2
` c2
r3
, (5.25)
where c1 and c2 are constants of integration. Equation (4.5) is given by the following
pQ ´ 2ρqppQ1 ´ 3ρ1qΨ2q ` ρ1pQ´ 3ρqΨ2 ` 2Φ11Ψ2 “ 0. (5.26)
Using (5.22) we may further simply (5.26),5
p2γρ` ρ2q
´
r 9Ψ2 ` 3Ψ2
¯
` Φ11Ψ2 “ 0. (5.27)
Equations (5.27) and (5.21) are the remaining equations that we need to solve. To achieve
this we make use of the Bianchi identities (D.7b) and (D.7f) which, in the case of a static
spherically symmetric spacetime, are given by
pQ´ 3ρqΨ2 ´ 2ρΦ11 ` 2QΛ “ 0, (5.28)
pQ´ 4ρqΦ11 ` 3QΛ “ 0. (5.29)
Assuming ρ ‰ 0, (5.28) and (5.29) reduce to the following
r 9Ψ2 ` 3Ψ2 ` 2Φ11 ` 2r 9Λ “ 0, (5.30)
r 9Φ11 ` 4Φ11 ` 3r 9Λ “ 0. (5.31)
Substituting (5.25) into (5.30), we solve (5.30) and (5.31) yielding
Φ11 “ ´3c1
2r2
` c3
r
, (5.32)
Λ “ ´ c1
2r2
` c3
r
´ c4, (5.33)
where c3 and c4 are constants of integration. Substituting (5.25), (5.32) and (5.33) into
(5.21c) we obtain ρ2, hence from (5.20a) we find A2 to be
A2 “ 1` 6c1 ` 2c2
r
´ 4c3r ` 2c4r2. (5.34)
We find γ from (5.20b) and substitute it along with (5.25), (5.32) and (5.34) into (5.27) to
obtain the following relation between our constants of integration,
3c1
2 ` c1 ` 2c2c3 “ 0. (5.35)
The third term of (5.34) is present in the Schwarzschild solution where c2 would be equal to
(minus) the Newtonian mass [23]. The fifth term is the cosmological constant term present
in the De Sitter-Schwarzschild solution. The second and fourth term, however, are peculiar
to the solution of the Bach equations, (cf. [5] where c3 is proportional to their constant γ).
5Note that QQ1Ψ2 “ ´Q
2Ψ2 ´ 4γQΨ2 and Qρ
1
“ ´Qρ ´ 4γρ.
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6 Conclusion
Since there exist very few exact solutions to the Bach equations in the literature, we hope
that our translation of the Bach equations into spin-coefficient form will be useful for finding
new exact solutions that would be otherwise difficult to obtain. This hope is sustained by
the fact that the spin-coefficient formalism has already proven to be a powerful method for
finding exact solutions to the Einstein field equations [9].
In order to show the efficiency of the formalism applied to the Bach equations, we chose
two straightforward examples, the plane-fronted wave spacetime and a static spherically
symmetric spacetime. In comparison to coordinate based tensor methods, the calculations
involved are shorter. For example, in a standard approach, one would start with the metric,
from which the 40 Christoffel symbols are derived, from these the Riemann tensor follows and
its trace and trace-free parts give the Ricci and Weyl tensors. These are then substituted
into the Bach equations yielding fourth-order partial differential equations in the metric
components. On the other hand, starting from the Bach equations in spin-coefficient form,
the steps are far fewer, as shown in our examples. Furthermore, the equations are never
more than second-order, since one solves directly for the curvature components as opposed
to the metric components. In more complicated problems we expect the improved efficiency
to increase.
A Tensor and Spinor Calculus notation
We adopt the abstract index approach, whereby non-bold font indices are abstract markers
and do not take on numerical values. Whereas bold font indices do take on numerical values
and therefore refer to a basis, e.g. a null tetrad or a spinor dyad which we will define shortly.6
We first introduce some basic definitions and relations of Riemannian geometry that we find
useful [9]. Let us denote by ∇a the connection or covariant derivative which defines covariant
differentiation. It satisfies
∇agbc “ 0, (A.1)
where gab “ gba is a symmetric non-singular tensor called the metric. In addition to (A.1),
called metric-compatibility, the connection satisfies
p∇a∇b ´∇b∇aqS “ 0, (A.2)
where S is an arbitrary scalar. Equation (A.2) is equivalent to the vanishing of the torsion
tensor and therefore the connection will be torsion-free. If both (A.1) and (A.2) are satisfied
the connection is uniquely defined by the metric. We use the following definition of the
Riemann tensor in terms of a metric-compatible and torsion-free covariant derivative
p∇a∇b ´∇b∇aqV d “ RabcdV c, (A.3)
where V a is an arbitrary vector. With all indices lowered, it has the following symmetries
Rabcd “ ´Rbacd, Rabcd “ ´Rabdc, Rabcd “ Rcdab, Rrabcsd “ 0, (A.4)
6Lower case letters (tensor indices) range from 1-4, capitalised (spinor indices) range from 0-1.
13
where square brackets denote antisymmetrization over the enclosed indices and round brack-
ets denote symmetrization. The Ricci tensor is formed from the contraction of the Riemann
tensor
Rab “ Racbc “ gcdRacbd “ Rba, (A.5)
and the Ricci scalar is formed from the contraction of the Ricci tensor
R ” Raa “ gabRab. (A.6)
The part of the Riemann tensor that has all the trace parts removed is called the Weyl tensor
Cab
cd “ Rabcd ´ 2Rrarcgbsds ` 13Rgracgbsd. (A.7)
It shares all the symmetries of the Riemann tensor and in addition its trace is zero
Cacb
c “ 0. (A.8)
As well as the metric based approach, we make use of a complementary method called
the tetrad formalism. Often an orthonormal-tetrad is employed, however, the null-tetrad
is more closely related to the spinor calculus. Let us therefore introduce a null-tetrad of
vectors la, na, ma, m¯a, written together as follows
ea
a “
¨
˚˝˚ lana
ma
m¯a
˛
‹‹‚, (A.9)
satisfying
ηab “ gabeaaebb, (A.10)
where ηab are the components of the following matrix
ηab “
¨
˚˝˚0 1 0 01 0 0 0
0 0 0 ´1
0 0 ´1 0
˛
‹‹‚. (A.11)
The null-tetrad may be used to take components of an arbitrary vector V a in the following
way
V a “ eaaV a. (A.12)
For the study of manifolds and their metrics, there exists an alternative to the tensor cal-
culus called the spinor calculus [15]. Tensors then appear to be a particular type of spinor,
specifically a spinor whose indices always occur in pairs, one of which is unprimed and the
other primed. That is, we can correlate an abstract tensor index, a, to a pair of abstract
spinor indices, AA1. For example, the covariant derivative is written in the spinor calculus
as
∇a “ ∇AA1. (A.13)
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In order to incorporate tensors into the spinor calculus, in addition to the two types of
indices, primed and unprimed, we require an operation of complex conjugation. The general
rule for complex conjugation of an arbitrary spinor κAB
1
is
ĘκAB1 “ κ¯A1B, (A.14)
where the complex conjugate, denoted with an over-bar, is obtained by replacing all unprimed
indices with primed indices and vice versa. In the case of a scalar, (A.14) is equivalent to
the standard complex conjugacy relation. The condition for the spinor κAB
1
to be real is
κAB
1 “ κ¯AB1 , (A.15)
a particular example is the covariant derivative
∇AB1 “ ∇¯AB1 . (A.16)
The metric tensor may be legitimately written in terms of abstract indices as
gab “ εABεA1B1 , (A.17)
where
εAB “ ´εBA εA1B1 “ ´εB1A1, (A.18)
and where the conjugate spinor, εA1B1, is obtained from εAB by complex conjugation.
7 The
component form of (A.17) requires the introduction of the Infeld-van der Waerden sym-
bols [24] and would explicitly represent a change of basis from a tensor basis to a spinor
basis. From (A.17) we see that (A.18) will play a similar role to the metric tensor of the
tensor calculus, however, there are important differences arising from its antisymmetry. It
is two-dimensional and raises and lowers spinor indices in the following way
εABκ
A “ κB,
εABκB “ κA,
εABεCB “ εCA,
(A.19)
where κA is an arbitrary spinor and εAB “ ´εBA. Analogous relations hold for the conjugate
spinor when raising and lowering primed indices. We note the minus sign in the following
see-saw property,
κAσ
A “ ´κAσA. (A.20)
which stands in contrast to the contraction of tensor indices where a plus sign appears
instead. Analogous to the tetrad in the tensor calculus, in the spinor calculus we have a
normalised dyad
εA
A “ poA, ιAq, (A.21)
which satisfies the following relations,8
εABo
AoB “ oAoA “ 0,
εABι
AιB “ ιAιA “ 0,
εABo
AιB “ oAιA “ 1.
(A.22)
7In the case of εA1B1 , the over-bar is usually omitted.
8This is a two-dimensional complex spinor basis, when normalised it is also referred to as a spin-frame.
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The dyad may be used to take components of an arbitrary spinor with unprimed indices in
the following way
κA “ εAAκA. (A.23)
Analogous relations to (A.23) hold for the conjugate dyad when taking components of a
spinor with primed indices. We can express the null tetrad (A.9) in terms of the dyad (A.21)
and its conjugate as follows
la “ oAoA1,
na “ ιAιA1,
ma “ oAιA1 ,
m¯a “ ιAoA1.
(A.24)
B Prime and asterisk operations
The significance of the primed symbols, e.g. the primed spin-coefficients occurring in (3.1),
is that under the transformation
oA ÞÑ iιA, ιA ÞÑ ioA, oA1 ÞÑ ´iιA1 , ιA1 ÞÑ ´ioA1, (B.1)
which preserves the normalisation condition (A.22), the primed and unprimed spin-coefficients
are interchanged. From (A.24) we see that under the prime operation the null tetrad trans-
forms as follows
la ÞÑ na na ÞÑ la ma ÞÑ m¯a m¯a ÞÑ ma. (B.2)
Furthermore, the curvature spinor components transform as
Ψr ÞÑ Ψs 0Ø 4 1Ø 3 2Ø 2,
Φrs ÞÑ Φtu 0Ø 2 1Ø 1, (B.3)
and the Bach spinor components transform in the same way as the Ricci spinor compo-
nents. The prime operation is then defined to be (B.1). Note that the operation of complex
conjugation, which interchanges primed indices for unprimed indices, commutes with the
prime operation such that pα¯q1 “ Ěpα1q. There exists another discrete symmetry possessed
by the spin-coefficient formalism called the asterisk (*) operation which effects the following
transformation
oA ÞÑ oA, ιA ÞÑ ιA, oA1 ÞÑ ιA1, ιA1 ÞÑ ´oA1. (B.4)
From (B.4) and the definitions (A.24), (3.1), (3.2), (3.3) the corresponding transformation
under the asterisk operation of the null tetrad, spin-coefficients, intrinsic derivatives and
spinor components follow respectively. The prime and asterisk operations may be used to
generate new equations from equations already known, or alternatively to check the correct-
ness and consistency of equations found by other means.
C Newman-Penrose equations
Equation (A.3) defines the Riemann tensor in terms of the commutator of the covariant
derivatives. In the spinor formalism there is an analogous relation when such commutators
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are applied to spinors
pεA1B1∇C1pA∇BqC1 ` εAB∇CpA1∇B1qCqκD
“ pεA1B1ΨABDC ` ΛεA1B1pεADεBC ` εACεBDq ` εABΦA1B1DCqκD, (C.1)
where κD is an arbitrary spinor. Setting κD “ εDD and taking components of (C.1), we can
use (3.14) to obtain the Newman-Penrose equations in the GHP formalism [15]
Qρ´ k1κ “ ρ2 ` σσ¯ ´ κ¯τ ´ τ 1κ` Φ00, (C.2a)
Qσ ´ kκ “ pρ` ρ¯qσ ´ pτ ` τ¯ 1qκ`Ψ0, (C.2b)
Qτ ´ Q1κ “ pτ ´ τ¯ 1qρ` pτ¯ ´ τ 1qσ `Ψ1 ` Φ01, (C.2c)
kρ´ k1σ “ pρ´ ρ¯qτ ` pρ¯1 ´ ρ1qκ´Ψ1 ` Φ01, (C.2d)
kτ ´ Q1σ “ ´ρ1σ ´ σ¯1ρ` τ 2 ` κκ¯1 ` Φ02, (C.2e)
Q1ρ´ k1τ “ ρρ¯1 ` σσ1 ´ τ τ¯ ´ κκ1 ´Ψ2 ´ 2Λ. (C.2f)
Applying the prime operation to (C.2) we obtain six more relations. Equations (C.2) and
their primed partners are equivalent to the Ricci identities of the tensor calculus [9]. The
remaining Newman-Penrose equations take the form of commutator expressions. To derive
them, consider the following commutator of intrinsic derivatives acting on an arbitrary scalar
f ,
r∇AB1,∇CD1s f “
´
∇AB1pεCQεD1Q1q ´∇CD1pεAQεB1Q1q
¯
∇QQ1f. (C.3)
Taking components of (C.3) and using (3.14), the following commutator expressions can be
derived
QQ1 ´ Q1Q “ pτ¯ ´ τ 1qk` pτ ´ τ¯ 1qk1 ´ ppκκ1 ´ ττ 1 `Ψ2 ` Φ11 ´ Λq
´ qpκ¯κ¯1 ´ τ¯ τ¯ 1 ` Ψ¯2 ` Φ11 ´ Λq, (C.4a)
kk
1 ´ k1k “ pρ¯1 ´ ρ1qQ` pρ´ ρ¯qQ1 ` ppρρ1 ´ σσ1 `Ψ2 ´ Φ11 ´ Λq
´ qpρ¯ρ¯1 ´ σ¯σ¯1 ` Ψ¯2 ´ Φ11 ´ Λq, (C.4b)
Qk´ kQ “ ρ¯k` σk1 ´ τ¯ 1Q´ κQ1 ´ ppρ1κ ´ τ 1σ `Ψ1q ´ qpσ¯1κ¯ ´ ρ¯τ¯ 1 ` Φ01q. (C.4c)
Three more commutator equations are obtained by priming, conjugating and both priming
and conjugating (C.4c).
D Spinor form of the Bianchi identity
The Riemann tensor satisfies an important differential identity called the Bianchi identity
∇raRbcsde “ 0. (D.1)
(D.1) is equivalent to [25]
∇
a R˚ abcd “ 0, (D.2)
where we define the (left) Hodge dual operation to act on the first and second indices as
follows
R˚ abcd “ 12eabpqRpqcd, (D.3)
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and where eabcd “ erabcds is the alternating tensor.9 Substituting (A.7) into (D.2) and making
use of (D.3) gives the following differential relation between the Weyl tensor, Ricci tensor
and Ricci scalar
∇
aCabcd “ ∇rcRdsb ` 16gbrc∇dsR. (D.4)
Taking the trace of (D.4) gives
∇
aRab ´ 12∇bR “ 0. (D.5)
The spinor equivalent of (D.4) is
∇
A
B1ΨABCD “ ∇A
1
B ΦCDA1B1 ´ 2εBpC∇DqB1Λ. (D.6)
In terms of the GHP formalism, the components of (D.6) are given by the following six
equations
QΨ1 ´ k1Ψ0 ´ QΦ01 ` kΦ00
“ ´τ 1Ψ0 ` 4ρΨ1 ´ 3κΨ2 ` τ¯ 1Φ00 ´ 2ρ¯Φ01 ´ 2σΦ10 ` 2κΦ11 ` κ¯Φ02, (D.7a)
QΨ2 ´ k1Ψ1 ´ k1Φ01 ` Q1Φ00 ` 2QΛ
“ σ1Ψ0 ´ 2τ 1Ψ1 ` 3ρΨ2 ´ 2κΨ3 ` 2ρ¯1Φ00 ´ 2τ¯Φ01 ´ 2τΦ10 ` 2ρΦ11 ` σ¯Φ02, (D.7b)
QΨ3 ´ k1Ψ2 ´ QΦ21 ` kΦ20 ´ 2k1Λ
“ 2σ1Ψ1 ´ 3τ 1Ψ2 ` 2ρΨ3 ´ κΨ4 ´ 2ρ1Φ10 ` 2τ 1Φ11 ` τ¯ 1Φ20 ´ 2ρ¯Φ21 ` κ¯Φ22, (D.7c)
QΨ4 ´ k1Ψ3 ´ k1Φ21 ` Q1Φ20
“ 3σ1Ψ2 ´ 4τ 1Ψ3 ` ρΨ4 ´ 2κ1Φ10 ` 2σ1Φ11 ` ρ¯1Φ20 ´ 2τ¯Φ21 ` σ¯Φ22, (D.7d)
QΦ12 ` Q1Φ01 ´ kΦ11 ´ k1Φ02 ` 3kΛ
“ pρ1 ` 2ρ¯1qΦ01 ` p2ρ` ρ¯qΦ12 ´ pτ 1 ` τ¯qΦ02 ´ 2 pτ ` τ¯ 1qΦ11
´ κ¯1Φ00 ´ κΦ22 ` σΦ21 ` σ¯1Φ10, (D.7e)
QΦ11 ` Q1Φ00 ´ kΦ10 ´ k1Φ01 ` 3QΛ
“ pρ1 ` ρ¯1qΦ00 ` 2 pρ` ρ¯qΦ11 ´ pτ 1 ` 2τ¯qΦ01 ´ p2τ ` τ¯ 1qΦ10
´ κ¯Φ12 ´ κΦ21 ` σΦ20 ` σ¯Φ02, (D.7f)
and their corresponding primed relations.
E Calculating spin-coefficients using Cartan’s calculus
The spin-coefficients can be calculated efficiently using Cartan’s differential calculus [15].
First we take the exterior derivative of the dual basis one-forms,
dl “ lrb,asemaenbpem ^ enq, (E.1)
dn “ nrb,asemaenbpem ^ enq, (E.2)
dm “ mrb,asemaenbpem ^ enq, (E.3)
9Also known as the four-dimensional Levi-Civita tensor.
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where a comma denotes partial differentiation and
e1 “ l, e2 “ n, e3 “m, e4 “ m¯, (E.4)
which gives
dl “ lrb,as
`
e1ae2bpl^ nq ` e1ae3bpl ^mq ` e1ae4bpl^ m¯q˘
` lrb,as
`
e2ae3bpn^mq ` e2ae4bpn^ m¯q ` e3ae4bpm^ m¯q˘ , (E.5a)
dn “ nrb,as
`
e1ae2bpl^ nq ` e1ae3bpl^mq ` e1ae4bpl^ m¯q˘
` nrb,as
`
e2ae3bpn^mq ` e2ae4bpn^ m¯q ` e3ae4bpm^ m¯q˘ , (E.5b)
dm “ mrb,as
`
e1ae2bpl^ nq ` e1ae3bpl^mq ` e1ae4bpl ^ m¯q˘
`mrb,as
`
e2ae3bpn^mq ` e2ae4bpn^ m¯q ` e3ae4bpm^ m¯q˘ . (E.5c)
The spin-coefficients are defined as follows,
2dl “ pγ1 ` γ¯1qpl^ nq ` pβ¯ ´ β 1 ´ τ¯qpl^mq ` pβ ´ β¯ 1 ´ τqpl^ m¯q
´ κ¯pn^mq ´ κpn^ m¯q ` pρ´ ρ¯qpm^ m¯q, (E.6a)
2dn “ ´ pγ ` γ¯qpl^ nq ´ κ1pl^mq ´ κ¯1pl^ m¯q
` p´τ 1 ` β 1 ´ β¯qpn^mq ` p´τ¯ 1 ` β¯ 1 ´ βqpn^ m¯q ´ pρ1 ´ ρ¯1qpm^ m¯q, (E.6b)
2dm “ ´ pτ ´ τ¯ 1qpl^ nq ` pγ ´ γ¯ ´ ρ¯1qpl^mq ´ σ¯1pl^ m¯q
` p´γ1 ` γ¯1 ´ ρqpn^mq ´ σpn^ m¯q ` pβ ` β¯ 1qpm^ m¯q. (E.6c)
Comparing (E.6) with (E.5) we obtain
γ1 ` γ¯1 “ 2lrb,asnalb, ´β¯ ` β 1 ` τ¯ “ 2lrb,aslam¯b, ´β ` β¯ 1 ` τ “ 2lrb,asnamb,
κ¯ “ 2lrb,aslam¯b, κ “ 2lrb,aslamb, ρ´ ρ¯ “ 2lrb,asm¯amb,
´γ ´ γ¯ “ 2nrb,asnalb, κ1 “ 2nrb,asnam¯b, κ¯1 “ 2nrb,asnamb,
τ 1 ´ β 1 ` β¯ “ 2nrb,aslam¯b, τ¯ 1 ´ β¯ 1 ` β “ 2nrb,aslamb, ´ρ1 ` ρ¯1 “ 2nrb,asm¯amb,
´τ ` τ¯ 1 “ 2mrb,asnalb, ´γ ` γ¯ ` ρ¯1 “ 2mrb,asnam¯b, σ¯1 “ 2mrb,asnamb,
γ1 ´ γ¯1 ` ρ “ 2mrb,aslam¯b, σ “ 2mrb,aslamb, β ` β¯ 1 “ 2mrb,asm¯amb.
(E.7)
Equations (E.7) actually contain only 24 independent real equations, and thus enable us to
solve uniquely for the twelve complex spin-coefficients in terms of the null tetrad [26].
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